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The present paper determines the thermodynamic properties of the superconducting state
in the H2S compound. The values of the pressure from 130 GPa to 180 GPa were taken into
consideration. The calculations were performed in the framework of the Eliashberg formalism. In
the first step, the experimental course of the dependence of the critical temperature on the pressure
was reproduced: TC ∈ 〈31, 88〉 K, whereas the Coulomb pseudopotential equal to 0.15 was adopted.
Next, the following quantities were calculated: the order parameter at the temperature of zero
Kelvin (∆ (0)), the specific heat jump at the critical temperature (∆C (TC) ≡ CS (TC)−CN (TC)),
and the thermodynamic critical field (HC (0)). It was found that the values of the dimensionless
ratios: R∆ ≡ 2∆(0)/kBTC , RC ≡ ∆C (TC)/CN (TC), and RH ≡ TCCN (TC)/H2C (0) deviate from
the predictions of the BCS theory: R∆ ∈ 〈3.64, 4.16〉, RC ∈ 〈1.59, 2.24〉, and RH ∈ 〈0.144, 0.163〉.
Generalizing the results on the whole family of the HnS-type compounds, it was shown that the
maximum value of the critical temperature can be equal to ∼ 290 K, while R∆, RC and RH adopt
the following values: 6.53, 3.99, and 0.093, respectively.
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The experimental results, which prove that the com-
pound H2S under the influence of the high pressure (p)
has the extremely high values of the critical temperature
(TC), were presented in December, 2014 [1]. In particu-
lar, it was shown that in the range of the pressures from
115 GPa to 200 GPa, the critical temperature increases
from 31 K to 150 K. Additionally, we should underline
the fact that the strong isotope effect (D2S) was observed,
which clearly suggests the electron-phonon origin of the
superconducting state [2–7]. Interestingly, as the result
of the dissociation of the starting compound, most likely
of the scheme: 3H2S→ 2H3S + S [8], [9], the supercon-
ducting state with the critical temperature of up to ∼ 190
K (p > 150 GPa) was induced [1]. From the physical
point of view, the obtained result indicates that the su-
perconductor of the highest known value of TC was just
discovered.
Even before the release of the experimental results, the
extensive theoretical studies of the superconducting con-
densate in the H2S compound were performed in the pa-
per [10]. In the framework of the ab initio calculations,
it was found that the analyzed system enters the metal-
lic state above the pressure of 96 GPa. Next, the ex-
istence of the superconducting state was proven in the
pressures range from 130 GPa to 180 GPa, wherein the
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highest value of TC equal to ∼ 80 K was obtained for
p = 160 GPa (the Cmca structure). It should be noted
that the predictions included in the publication [10] agree
with the experimental results [1]. However, there was
no structural transition observed between the phases P-1
and Cmca.
The results presented in the paper [1] prove that de-
pending on the method to handle the expected final val-
ues of the temperature and the pressure one can prepare
the compound H2S or the system H3S + S. Note that the
above results are in the agreement with the theoretical
predictions that suggest the stability of the H2S system
below 50 GPa [9]. On the other hand, the compound
H3S seems to be stable for p ∈ 〈50, 300〉 GPa, wherein
H4S, H5S, and H6S are unstable in the considered range
of the pressures.
The superconductor H2S can be further enriched with
hydrogen [11]. The case (H2S)2H2 was very carefully
analyzed in the work [8]. On the basis of the ab initio
calculations, it was shown that the metallization of this
system takes place for 111 GPa, while for p = 200 GPa
the record value of TC equal to∼ 200 K was obtained (the
Im-3m structure). Note that the similarly high values of
the critical temperature can be obtained in the hydrogen-
rich compounds of the type: CaH6 (TC ∼ 240 K for
p = 150 GPa) [12], [13], Si2H6 (TC ∼ 174 K for p = 275
GPa) [14], [15], [16], B2H6 (TC ∼ 147 K for p = 360 GPa)
[17], [18], and SiH4(H2)2 (TC ∼ 107 K for p = 250 GPa)
[19].
Historically, the physical properties of the H2S com-
pound have been studied for many years. On the molec-
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2ular level H2S is formally the analogue of H2O. However,
in the solid phase its properties are significantly differ-
ent due to the fact that hydrogen sulfide is very weak
hydrogen-bonded [20]. It should be noted that H2S has
the complicated pressure-temperature phase diagram. In
the area: p ∈ 〈0, 50〉 GPa and T ∈ 〈0, 300〉 K, as many as
seven crystal structures are distinct [21], [22], [23], [24],
[25], [26]. On the other hand, the recently published the-
oretical results call into question the original findings on
the number and the type of the existing crystal structures
[10]. It is also worth noting that to the present date there
is no final consensus on the pressure at which the molec-
ular dissociation H2S occurs at the room temperature.
In literature one can find the two characteristic values of
the pressure: 27 GPa and 47 GPa [27], [28], [29].
The present paper determines the thermodynamic pa-
rameters of the superconducting state in the H2S com-
pound in the range of the pressures from 130 GPa to 180
GPa. Then, the study generalizes the results on the en-
tire family of the compounds of the HnS-type (also addi-
tionally hydrogenated). The numerical calculations were
performed in the framework of the Eliashberg formalism
due to the significant strong-coupling and retardation ef-
fects.
The Eliashberg equations for the order parameter func-
tion φ (ω) and for the wave function renormalization fac-
tor Z (ω) take the form [30]:
φ (ω) =
pi
β
M∑
m=−M
[λ (ω − iωm)− µ? (ωm)]√
ω2mZ
2
m + φ
2
m
φm (1)
+ ipi
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0
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where:
K
(
ω, ω
′) ≡ 1√
(ω + ω′)
2
Z2 (ω + ω′)− φ2 (ω + ω′)
.
(3)
The order parameter is defined as: ∆ (ω) ≡ φ (ω) /Z (ω).
The imaginary axis functions (φn ≡ φ (iωn) and Zn ≡
Z (iωn)) should be calculated from [31]:
φn =
pi
β
M∑
m=−M
λ (iωn − iωm)− µ? (ωm)√
ω2mZ
2
m + φ
2
m
φm, (4)
and
Zn = 1 +
1
ωn
pi
β
M∑
m=−M
λ (iωn − iωm)√
ω2mZ
2
m + φ
2
m
ωmZm, (5)
where: ωn ≡ (pi/β) (2n− 1) is the Matsubara frequency
and β ≡ (kBT )−1. The symbol kB represents the Boltz-
mann constant. The pairing kernel is given by:
λ (z) ≡ 2
∫ Ωmax
0
dΩ
Ω
Ω2 − z2α
2F (Ω) . (6)
The Eliashberg function (α2F (Ω)) models the structure
of the electron-phonon interaction and Ωmax is the maxi-
mum phonon frequency. For the superconductor H2S, in
the range of the pressure from 130 GPa to 180 GPa, the
Eliashberg functions were calculated in the paper [10].
The maximum phonon frequency is in the order of 220
meV. The function µ? (ωn) ≡ µ?θ (ωc − |ωn|) describes
the depairing Coulomb interaction, where µ? represents
the Coulomb pseudopotential [32]. The symbol θ is the
Heaviside unit function and ωc denotes the cut-off energy
(ωc = 3Ωmax). The Bose function and the Fermi function
is given by the symbol N (ω) and f (ω), respectively.
The Eliashberg equations have been solved for M =
1100. The functions φ (ω) and Z (ω) are stable for
T ≥ T0 ≡ 5 K. Note that the above was based on the
numerical methods used in the publications: [13], [33],
[34], [35].
Fig. 1 (A)-(B) shows the plots of the exemplary de-
pendence of the order parameter and the wave func-
tion renormalization factor on the temperature (p =
160 GPa). The wide range of the values of the
Coulomb pseudopotential was taken into account. It
turns out that the resulting curves can be reproduced
with the very good approximation by using the func-
tions: ∆ (T, µ?) = ∆ (µ?)
√
1−
(
T
TC
)Γ
and Z (T, µ?) =
Z (µ?) + [Z (TC)− Z (µ?)]
(
T
TC
)Γ
, where: ∆ (µ?) =
118.79 (µ?)
2−101.78µ?+ 28.60, Z (µ?) = −0.792 (µ?)2 +
0.654µ? + 2.112, Z (TC) ' 2.28 = 1 + λ, and Γ = 3.6
(the electron-phonon coupling constant (λ) was defined
in Tab. I).
In the first case, it is clear that the high values of the
order parameter correspond to a high values of the crit-
ical temperature (Fig. 1 (A)). It should be noted that
the full shape of the function ∆ (T, µ?) cannot be prop-
erly identified within the framework of the classical BCS
theory, as: [Γ]BCS = 3 [36].
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FIG. 1: The dependence of (A) the order parameter and (B)
the wave function renormalization factor on the temperature
for the selected values of the Coulomb pseudopotential. The
figures (C)-(D) present the overt form of the functions ∆ (ω)
and Z (ω) for the selected temperatures. The shaded area is
the rescaled Eliashberg function.
On the other hand, the wave function renormalization
factor determines the value of the electron effective mass:
m?e = Z (T )me, where me denotes the electron band
mass. The results plotted in Fig. 1 (B) prove that the
effective mass of the electrons is large in the supercon-
ducting state. From the physical point of view the ob-
tained result comes from the existence of the significant
strong-coupling effects in the H2S compound, which are
characterized by the electron-phonon coupling constant.
Of course, these effects cannot be ignored in the quantita-
tive analysis. Let us notice that the BCS model predicts:
m?e = me.
The curves in Fig. 1 (A) and (B) were obtained
on the basis of the following expressions: ∆ (T ) =
Re [∆ (ω = ∆ (T ) , T )] and Z (T ) = Re [Z (ω = 0, T )],
while the example solutions of the Eliashberg equations
are presented in Fig. 1 (C) and (D). It can be seen that
the order parameter has the zero imaginary part at the
low frequencies, due to the absence of the damping effects
[37]. At the higher frequencies both ∆ (ω) and Z (ω) are
characterized by the very complicated shape clearly cor-
related with the shape of the Eliashberg function.
Fig. 2 (A) presents the influence of the Coulomb pseu-
dopotential on the value of the critical temperature in
the H2S compound. It can be seen that in the case of the
weak electron depairing correlations (µ? ∼ 0.1), TC can
reach the high value of the order of 100 K.
The numerical results obtained with the help of the
Eliashberg equations can be reproduced with the very
good accuracy using the modified Allen-Dynes formula:
kBTC = f1f2
ωln
1.27
exp
[ −1.14 (1 + λ)
λ− (1 + 0.163λ)µ?
]
, (7)
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FIG. 2: The critical temperature as a function of (A) the
Coulomb pseudopotential for p = 160 GPa and (B) the pres-
sure for µ? = 0.15. The experimental results are taken from
[1].
FIG. 3: The critical temperature as a function of the coupling
constants λS0 and λ
H
0 for the superconductors of the HnS-type.
whereas the symbols appearing in Eq. (7) were defined
in Tab. I. In contrast, the numerical parameters were se-
lected using the method of the least squares on the basis
of 300 numerical values of the function TC (µ
?).
Additionally, Fig. 2 (A) shows the plot of the values
of the critical temperature obtained with the help of the
classical Allen-Dynes and McMillan formulas [38], [39].
It was found that the classical formulas significantly un-
derstate TC for the higher values of the Coulomb pseu-
dopotential.
Fig. 2 (B) presents the experimental dependence of the
critical temperature on the pressure for the compound
H2S [1]. Note that the obtained results can be reproduced
using the Eliashberg equations or Eq. (7) adopting: µ? =
0.15. In particular, for the pressure values from 130 GPa
to 180 GPa, it was obtained: TC ∈ 〈31, 88〉 K.
Let us notice that Eq. (7) allows to discuss possible to
achieve values of the critical temperature for the whole
family of the compounds of the HnS-type. In the first
step it should be noted that contributions to the Eliash-
berg function derived from sulfur and hydrogen (both
for H2S and (H2S)2H2) are very clearly separated [8],
[10]. In particular, in the frequency range from 0 to ∼ 70
meV the crucial is the electron-phonon interaction de-
rived from sulfur, while above ∼ 100 meV significant is
4TABLE I: The quantities λ, ωln, and ω2 represent the
electron-phonon coupling constant, the logarithmic phonon
frequency, and the second moment of the normalized weight
function. The parameters f1 and f2 are the strong-coupling
correction function and the shape correction function, respec-
tively [38].
Quantity Value (p = 160 GPa)
λ ≡ 2 ∫ +∞
0
dΩα
2(Ω)F (Ω)
Ω
1.28
ωln ≡ exp
[
2
λ
∫ +∞
0
dΩα
2F (Ω)
Ω
ln (Ω)
]
82.70 meV
√
ω2 ≡
[
2
λ
∫ +∞
0
dΩα2F (Ω) Ω
]1/2
115.05 meV
f1 ≡
[
1 +
(
λ
Λ1
) 3
2
] 1
3
-
f2 ≡ 1 +
(√
ω2
ωln
−1
)
λ2
λ2+Λ22
-
Λ1 ≡ 2.4− 0.14µ? -
Λ2 ≡ (0.1 + 9µ?) (√ω2/ωln) -
the contribution derived from hydrogen. Based on the
above fact, the model Eliashberg function was factorized
as follows:
α2F (Ω) = λS0
(
Ω
ΩSmax
)2
θ
(
ΩSmax − Ω
)
(8)
+ λH0
(
Ω
ΩHmax
)2
θ
(
ΩHmax − Ω
)
,
where λS0 and λ
H
0 are the contributions to the electron-
phonon coupling constant derived respectively from sul-
fur and hydrogen. On the other hand, the symbols ΩSmax
and ΩHmax represent the maximum phonon frequencies.
Using the equations included in Tab. I, it can be shown
that:
λ = λS0 + λ
H
0 , (9)
ωln = exp
[
λS0
λS0 + λ
H
0
(
ln
(
ΩSmax
)− 1
2
)]
(10)
× exp
[
λH0
λS0 + λ
H
0
(
ln
(
ΩHmax
)− 1
2
)]
,
and
ω2 =
λS0
λS0 + λ
H
0
(
ΩSmax
)2
2
+
λH0
λS0 + λ
H
0
(
ΩHmax
)2
2
. (11)
Fig. 3 presents the dependence of the critical temper-
ature on λS0 and λ
H
0 . It was adopted: λ
S
0 ∈ 〈0.3, 0.8〉,
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FIG. 4: (A) The free energy difference between the super-
conducting and normal state, (B) the thermodynamic critical
field, and (C) the specific heat of the superconducting state
CS and the normal state CN as a function of the tempera-
ture for the selected values of the Coulomb pseudopotential.
The vertical lines indicate the position of the characteristic
specific heat jump at TC .
λH0 ∈ 〈0.5, 2〉, ΩSmax = 70 meV, ΩHmax = 220 meV [40],
[41], and the selected values of µ?.
The obtained results show that for the low values of the
Coulomb pseudopotential, the maximum critical temper-
ature can be equal even to ∼ 290 K. From the physical
point of view, the result shows the possibility of induction
of the superconducting state with the critical tempera-
ture comparable to the room temperature in the com-
pounds of the HnS-type.
The thermodynamic critical field and the specific heat
of the superconducting state can be calculated in the
Eliashberg formalism using the formula for the free en-
ergy difference between the superconducting state (S)
and the normal state (N):
∆F
ρ (0)
= −2pi
β
M∑
n=1
(√
ω2n + ∆
2
n − |ωn|
)
(12)
× (ZSn − ZNn
|ωn|√
ω2n + ∆
2
n
),
where ρ (0) denotes the value of the electron density of
states on the Fermi level.
The formula for the thermodynamic critical field has
the form: HC =
√−8pi∆F . On the other hand, the
specific heat of the superconducting state can be ex-
pressed using the formula: CS = ∆C+CN , where ∆C =
50 . 1 0 . 2 0 . 33 . 8
4 . 0
4 . 2
4 . 4
0 . 1 0 . 2 0 . 31 . 8
2 . 1
2 . 4
2 . 7
0 . 1 0 . 2 0 . 3
0 . 1 3
0 . 1 4
0 . 1 5
0 . 1 6
1 3 0 1 5 5 1 8 00 . 1 4
0 . 1 5
0 . 1 6
0 . 1 7
1 3 0 1 5 5 1 8 01 . 5
1 . 8
2 . 1
2 . 4
1 3 0 1 5 5 1 8 03 . 6
3 . 8
4 . 0
4 . 2
p = 1 6 0  G P a
 
 
R ∆
µ*
p = 1 6 0  G P a
 
 
R C
µ*
p = 1 6 0  G P a
 
 
R H
µ*
µ* = 0 . 1 5
 
R H
p  ( G P a )
µ* = 0 . 1 5
 
R C
p  ( G P a )
µ* = 0 . 1 5
 
R ∆
p  ( G P a )
FIG. 5: The dimensionless thermodynamic ratios as a func-
tion of the Coulomb pseudopotential for p = 160 GPa (left
panel) and as a function of the pressure for µ? = 0.15 (right
panel).
−Td2∆F/dT 2 and CN (T ) = γT . The symbol γ denotes
the Sommerfeld constant: γ ≡ (2/3)pi2k2Bρ (0) (1 + λ).
The examples of the results obtained for p = 160
GPa are plotted in Fig. 4. It can be seen that below
the critical temperature, the difference in the free en-
ergy takes the negative values, which from the phys-
ical point of view shows the thermodynamic stability
of the superconducting phase (Fig. 4 (A)). It should
also be noted that the values of ∆F strongly depend
on the Coulomb pseudopotential. The strong depen-
dence of the free energy difference on the Coulomb pseu-
dopotential transfers directly to the thermodynamic crit-
ical field and the specific heat of the superconduct-
ing state (see Fig. 4 (B) and (C)). In particular, it
was obtained: [HC (0)]µ?=0.1 / [HC (0)]µ?=0.3 = 2.16
and [∆C (TC)]µ?=0.1 / [∆C (TC)]µ?=0.3 = 2.21, while
HC (0) ≡ HC (T0).
The designated thermodynamic functions allow
to calculate the dimensionless ratios: R∆ ≡
2∆(0)/kBTC , RC ≡ ∆C (TC)/CN (TC), and RH ≡
TCC
N (TC)/H
2
C (0), where ∆ (0) ≡ ∆ (T0). It is worth
noting that, in the BCS theory, the quantities: R∆, RC ,
and RH adopt the universal values, which are equal re-
spectively to: 3.53, 1.43, and 0.168 [42], [43]. In the case
of H2S (p = 160 GPa), the obtained results are presented
in Fig. 5. It is easy to note that the values R∆ - RH dif-
FIG. 6: The dimensionless thermodynamic ratios as a func-
tion of the coupling constants λS0 and λ
H
0 for the HnS-type
superconductors.
fer significantly from the predictions of the classical BCS
theory, with the largest derogations observed in the case
of the weak electron depairing correlations.
Fig. 5 shows the plots of the dimensionless ratios as
a function of the pressure (p ∈ 〈130, 180〉 GPa). The
numerical results show that the thermodynamic param-
eters R∆ - RH cannot be correctly estimated in the
framework of the BCS theory for the wide range of
pressure: R∆ ∈ 〈3.64, 4.16〉, RC ∈ 〈1.59, 2.24〉, and
RH ∈ 〈0.144, 0.163〉. From the physical standpoint, the
results presented above arise from the existence of the
strong-coupling and retardation effects in H2S. Note that
in the simplest case, it can be characterized by the ratio:
kBTC/ωln [44]. Thus, the results included in Fig. 5 can
6be reproduced with the help of the following formulas:
R∆
[R∆]BCS
= 1 + 9
(
kBTC
ωln
)2
ln
(
ωln
kBTC
)
, (13)
RC
[RC ]BCS
= 1 + 40
(
kBTC
ωln
)2
ln
(
ωln
2kBTC
)
, (14)
and
RH
[RH ]BCS
= 1− 10
(
kBTC
ωln
)2
ln
(
ωln
2kBTC
)
. (15)
It should be underlined that the number parameters
appearing in Eq. (13) - Eq. (15) were selected on the ba-
sis of 300 numerical values of R∆ - RH depending on
the Coulomb pseudopotential. Eq. (13) - Eq. (15) can be
used to estimate R∆ - RH for the whole family of the
HnS-type compounds. The obtained results are plotted
in Fig. 6. It was found that the values, which maximally
differ from the results of the BCS theory, are respectively:
6.53, 3.99, and 0.093.
In the presented paper, the thermodynamic parame-
ters of the superconducting state inducing in the H2S
compound were determined (p ∈ 〈130, 180〉 GPa). The
calculations were carried out in the framework of the
Eliashberg formalism. It has been shown that the the-
oretical analysis is able to reproduce the experimental
dependence of the critical temperature on the pressure,
assuming the relatively low value of the electron depair-
ing correlations (µ? = 0.15).
The other thermodynamic functions such as: the order
parameter, the thermodynamic critical field or the spe-
cific heat of the superconducting state deviate from the
expectations of the classical BCS theory (as evidenced by
the values of the parameters R∆ - RH). It turns out that
this result is associated with the existence of the signifi-
cant strong-coupling and retardation effects appearing in
the H2S compound.
Generalizing the obtained results, we showed that the
maximum value of the critical temperature in the family
of the compounds of the HnS-type can be equal even to
∼ 290 K, which from the physical point of view means the
possibility of the existence of the superconducting phase
at the room temperature. The values of the parameters
R∆ - RH for the family of HnS differ also significantly
from the expectations of the BCS theory.
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